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Using COV-OBS.x1 (Gillet et al., 2015) main geomagnetic field model, covering the time span 1840–2020, we
decomposed the geomagnetic field at Earth’s surface, namely the vertical and horizontal components, in
oscillation modes at various timescales by means of empirical orthogonal functions (EOF). The EOF analysis
shows that the first three oscillation modes of both components are characterized by periodicities of >100 years while
modes 4 and 5 are characterized by dominant periodicities of 60–90 years. The first three EOF modes are responsible
for more than 90% of the observed features of the vertical and horizontal components at Earth’s surface.
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1. INTRODUCTION

The mathematical background of the
method was introduced in social science studies
carried out by Pearson (1902) and Hotelling
(1933); the latter name it principal component
analysis (PCA). Lorenz (1956) used the EOF
method (empirical orthogonal functions) in a
forecasting study of the sea-level pressure field
over the United States and southern Canada
setting the ground to its application in weather
science. Bjornsson and Venegas (1997) were the
first to discuss the confusion in literature
between the Principal component analysis (PCA)
and the Empirical orthogonal functions (EOF) as
both terms were used to describe the same
method. The EOF/PCA is a versatile method that
permits among others dimensionality reduction
of large data sets and pattern extraction. The
EOF/PCA allows defining the spatial distribution
of the variability modes of a field, their temporal
variation as well as their relevance in terms of
variance (Bjornsson, Venegas, 1997).
The EOF/PCA method, widely used in
meteorology and oceanography, is the subject of
numerous chapters in books (von Storch, Navarra,
1995; von Storch, Zwiers, 1999; Wilks, 2011)
and books (Preisendorfer, 1988; Jolliffe, 2002;
Hannachi, 2004; Navarra, Simoncini, 2010).
In geomagnetism, Pais et al. (2015) used the
PCA on the core flows inverted from geomagnetic
field models covering long time spans (gufm1
and COV-OBS) and showed that mode 1

highlights three large vortices at medium and
high latitudes that have opposite circulation
under the Atlantic and the Pacific hemispheres,
mode 2 carries most of the variations of the
Earth’s core angular momentum and has a quasiperiodicity of 80 to 90 years, while mode 3 has a
more complex spatial pattern showing a distribution
of smaller-scale vortices. More recently, Domingos
et al. (2019) applied PCA to decompose the
internal geomagnetic field from the CHAMP
(2001–2009) and Swarm (2014–2017) satellite
records showing that the spatial structure of the
first mode yields the average secular variation
(SV) for the time span of the used data and mode 2
is attributed to the secular acceleration (SA).
In this paper we attempt to decompose the
vertical and horizontal components of the
geomagnetic field at Earth’s surface at various
timescales using Empirical orthogonal functions
(EOF). The terms EOF and PC (principal
component) will be used in this paper according
to Bjornsson and Venegas (1997), namely the
term EOF will be used to describe the spatial
distribution of the oscillation modes of the
geomagnetic field while the term PC will be used
for the temporal variation of the oscillation modes.
2. DATA AND METHOD

The COV-OBS.x1 (Gillet et al., 2015) main
geomagnetic field model, covering the time span
1840–2020, was used to obtain time series of the
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vertical (Z) and of the horizontal (H) components at
the Earth’s surface in a 2.5° × 2.5° latitude/
longitude grid. The code and coefficients of the
model
are
available
online
at
http://www.spacecenter.dk/files/magneticmodels/COV-OBSx1/.
Following Hannachi (2004) we describe the
steps needed in order to obtain EOFs. The
gridded data defined as X(t, s), X being the
geomagnetic field at time ti, for i = 1, … n, and
grid point sj, for j = 1, … m, is then arranged as
follows
x11 x12 … x1m
x
x22 … x2m
𝐗 = ( 21
(1)
)
⋮
⋮
⋮ ⋮
xn1 xn2 … xnm

After we use the decomposition in singular
values of X the covariance matrix S can be
written as follows:

where the columns of the matrix describe values
at the same grid point.
Further, the data matrix needs to be
transformed so as to have zero mean vector.
Hence, we need to subtract the mean value of
each corresponding row of X in the manner X =
Xraw - x̅, where x̅ is the vector of sample means
that can be written

3. RESULTS AND DISCUSSION

x=

1 T
𝟏
n n

(2)

𝐗

with 1n = (1, … 1)T being the column vector
containing only ones.
Having the data scaled we can then write the
covariance matrix S as follows
𝐒=

1
n

𝐗𝐓𝐗

(3)

that contains the covariances between the time
series of the geomagnetic field at any pair of grid
points.
Further we use the singular value
decomposition (SVD) method in order to get the
EOF and PC of data. The gridded data matrix X
can be decomposed using the SVD:
X = A Λ UT

(4)
T

T

A and U are unitary matrices U U = A A = Iq ,
where q ≤ min (n, m) is the rank of X and Iq is
the identity matrix of order q. The matrix Λ is
diagonal, the diagonal elements of it are the
singular values of X. The columns of A and U
are the left (PCs), respectively the right (EOFs)
singular vectors of the data matrix X.

S = U Λ2 UT

(5)

where the singular values of the diagonal matrix
Λ2 are ordered in decreasing order; the total
variance is given by the diagonal elements of Λ2.
The EOFs and PCs are the right, respectively left
singular vectors of the scaled data matrix X.
We apply the EOF method to the Z and H
time series, in a 2.5° × 2.5° global grid, from
COV-OBS.x1 in order to decompose the
geomagnetic field at Earth’s surface in
oscillation modes at various timescales.

The EOF analysis shows that the first three
oscillation modes (Fig. 1), in both components,
are characterized by dominant periodicities of
>100 years. The first mode describes 75.83% of
the characteristics of the vertical component at
Earth’s while the contribution of modes 2 and 3
is 13.29%, respectively 4.92%. In case of the
horizontal component of the geomagnetic field
77.28% of its features are embedded in mode 1,
9.46% in mode 2 and 5.74% in mode 3. The first
EOF mode of the vertical component resemble
to some extent the first mode in CHAMP and
Swarm radial field data of Domingos et al.
(2019). However, the periodicities associated
with these modes are different as we use in our
study data spanning 180 years (1840–2020) in
comparison to 8 years of CHAMP, respectively
44 months of Swarm data used by Domingos
et al. (2019).
EOF modes 4 and 5 of Z and H (Fig. 2) are
characterized by dominant periodicities of 60–90
years. These modes are responsible for 2.91%
(mode 4) and 1.86% (mode 5) of the vertical
component characteristics, respectively 3.67%
(mode 4) and 2.22% (mode 5) of the H
characteristics. Although the variance of the
modes 4 and 5 is rather small compared to that
of the first three modes, these two modes are
responsible for the detailed structure of the
geomagnetic field. Modes 6–10 that have a total
variance of 1.18% (Z) and 1.63% (H) also lend
to the detailed structure of the geomagnetic field.
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The spatial structures of some of the EOF
modes, in case of the vertical component, resemble
the geographic distribution of our previous
geomagnetic field constituents, at certain epochs,
at inter-centennial (>100 years) and sub-centennial
(60–90 years) timescales obtained by Hodrick–
Prescott, HP, (Hodrick, Prescott, 1997) and
Butterworth (1930) filtering approach (Demetrescu,
Dobrică, 2014; Ștefan et al., 2017; Dobrică et
al., 2018). Further analysis is required in order to
see how the EOF modes obtained in this paper
are combining in order to explain oscillations at
various timescales (inter-centennial and subcentennial).
Acknowledgements: The paper is a contribution to the
Project 3/2018 of the “Sabba S. Ștefănescu” Institute of
Geodynamics of the Romanian Academy.

REFERENCES
BJORNSSON, H., VENEGAS, S.A. (1997), A manual for
EOF and SVD analyses of climate Data. Tech. Rep.,
no. 97–1, Department of Atmospheric and Oceanic
Sciences and Centre for Climate and Global Change
Research, McGill University.
BUTTERWORTH, S. (1930), On the theory of filter
amplifiers. Wireless Engineer, 7, pp. 536–541.
DEMETRESCU, C., DOBRICĂ, V. (2014), Multi-decadal
ingredients of the secular variation of the geomagnetic
field. Insights from long time series of observatory data.
Phys. Earth Planet. Inter., 231, pp. 39–55. doi:
10.1016/j.pepi.2014.03.001.
DOBRICĂ, V., DEMETRESCU, C., MANDEA, M.
(2018), Geomagnetic field declination: from decadal to
centennial scales. Solid Earth, 9, pp. 491–503.
DOMINGOS, J., PAIS, M.A., JAULT, D., MANDEA, M.
(2019), Temporal resolution of internal magnetic field
modes from satellite data. Earth, Planets and Space, 71, 2.
https://doi.org/ 10.1186/s40623-018-0983-5.
GILLET, N., BARROIS, O., FINLAY, C.C. (2015),
Stochastic forecasting of the geomagnetic field from the

67

COV-OBS.x1 geomagnetic field model, and candidate
models for IGRF-12. Earth, Planets and Space, 67,
pp. 71–85, DOI:10.1186/s40623-015-0225-z.
HANNACHI, A. (2004), A Primer for EOF Analysis of
Climate Data, Department of Meteorology, University
of Reading, 33 pp.
HODRICK, R.J., PRESSOTT, E.C. (1997), Postwar U. S.
business cycles: An empirical Investigation. J. Money,
Credit, Banking, 29, pp. 1–16.
HOTELLING, H. (1933), Analysis of a complex of statistical
variables into principal Components. J. Educ. Psych.,
24, 417–520.
JOLLIFFE, I.T. (2002), Principal Component Analysis, 2nd
Ed. Springer, New York, 487 pp.
LORENZ, E.N. (1956), Empirical orthogonal functions and
statistical weather prediction.
Technical report, Statistical Forecast Project Report 1,
Dept. of Meteor., MIT, 1956, 49 pp.
NAVARRA, A., SIMONCINI, V. (2010), A Guide to Empirical
Orthogonal Functions for Climate Data Analysis,
Springer, 160 pp.
PAIS, M.A., MOROZOVA, A.L., SCHAEFFER, N.
(2015), Variability modes in core flows inverted from
geomagnetic field models. Geophys. J. Int., 200, 402–420,
doi:10.1093/gji/ggu403.
PEARSON, K. (1902), On lines and planes of closest fit to
systems of points in space. Phil. Mag., 2, 559–572.
PREISENDORFER, R.W. (1988), Principal Component
Analysis in Meteorology and Oceanography. C.D.
Mobley, Ed. Elsevier, 425 pp.
STEFAN, C., DOBRICA, V., DEMETRESCU, C. (2017),
Core surface sub-centennial magnetic flux patches:
characteristics and evolution. Earth, Planets and Space,
69, 146, doi: 10.1186/s40623-017-0732-1.
Von STORCH, H., NAVARRA, A. (1995), Analysis of Climate
Variability: Applications of Statistical Techniques.
Springer, 334 pp., doi:10.1007/978-3-662-03167-4.
Von STORCH, H., ZWIERS, F.W. (1999), Statistical
Analysis in Climate Research. Cambridge University
Press, Cambridge.
WILKS, D.S. (2011), Statistical Methods in the Atmospheric
Sciences. 2nd Ed. Academic Press, Elsevier, 648 pp.
Received: September 10, 2020
Accepted for publication: October 22, 2020

56

Cristiana Ștefan, Venera Dobrică, Crișan Demetrescu

-6

